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We present a theory for describing nonclassical dynamics of reactions occurring in disordered media based on the fractional diffusion equation. An exact expression is derived for the Green's function required to calculate the survival probabilities of reactants. A novel temperature-dependent kinetic phase transition is found: The exponent ␥ in the asymptotic power-law decay (ϰt Ϫ␥ ) of the geminate survival probability increases with temperature T below a critical temperature T*, but decreases with T above T*. The present theory explains in a unified manner the observed features of ligand-protein recombination reactions for a wide range of temperature and time scales. © 2002 American Institute of Physics. ͓DOI: 10.1063/1.1448294͔ Diffusion-assisted dynamical processes occurring in disordered media exhibit anomalous behavior that cannot be explained by conventional theories based on classical kinetic equations. 1 Examples include electron-hole recombination, electron scavenging, exciton trapping and annihilation occurring in amorphous semiconductor and organic glasses and on the electrode surface. Extensive theoretical investigations of these systems have been made based on the continuous time random walk ͑CTRW͒, 1,2 which was found to be a reasonably correct model of the transport of a particle in disordered media. 3 In the CTRW model, the random walker makes a jump between lattice points after a waiting time t w that is chosen randomly from a distribution function (t w ). When the first moment ͗t w ͘ and the jump length variance are finite, the long-time evolution of the random walker's distribution on the lattice can be described by the simple diffusion equation.
On the other hand, if ͗t w ͘ diverges, the walker's motion becomes subdiffusive. For example, when the waiting time distribution is given by (t w )ϰt w Ϫ(1ϩ␣) (0Ͻ␣Ͻ1), the mean square displacement ͗r 2 ͘ depends anomalously on the elapsed time t as ͗r 2 ͘ϰt ␣ .
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In recent years, an alternative approach to describe the anomalous dynamic processes occurring in complex random media has emerged that is based on the fractional FokkerPlanck Equation ͑FFPE͒. [4] [5] [6] [7] It has been shown that the FFPE in the subdiffusive case can be derived from the CTRW with the power-law waiting time distribution. 4, 7 The major advantage of this new approach is that the solution of the FFPE can be obtained by using similar mathematical techniques that have been used for solving the standard Fokker-Planck Equation ͑FPE͒. In addition, the influence of external fields can be incorporated in a more straightforward manner. Nevertheless, application of the FFPE to physicochemical problems is still in a development stage. In this regard, two recent works should be mentioned. Metzler and Klafter employed the FFPE to investigate the Kramers' escape problem with anomalous kinetics, 8 and Yuste and Lindenberg investigated the dynamics of single species coagulation reactions in one dimension. 9 In this work, we use the fractional diffusion equation ͑FDE͒ to investigate the effects of anomalous reactant transport on the dynamics of bimolecular chemical reactions occurring in three-dimensional disordered media. Exact expressions for the Green's function of FDE and the survival probability of the reactant are derived for several important reaction models. Finally, we suggest an explanation of the temperature dependence of ligand-protein rebinding in COMyoglobin system based on the present theory. [10] [11] [12] We find that the survival probability S gem (t͉r 0 )o fa n isolated geminate pair initially separated by r 0 decays asymptotically according to a power-law ͓S gem (t͉r 0 ) ϪS gem (ϱ͉r 0 )͔ϰt Ϫ␥ . When the reactant transport obeys the FDE corresponding to the CTRW with a waiting time distribution (t w )ϰt w Ϫ(1ϩ␣) , the exponent ␥ is given by ␥ϭ␣/2 for 0Ͻ␣Ͻ2/3, but ␥ϭ1Ϫ␣ for 2/3Ͻ␣Ͻ1. In an energetically disordered system, where the probability distribution function of the activation energies E a for the hopping of reactant particle is given by g(E a )ϳexp(ϪE a /k B T 0 ), 13 the reactant motion is appropriately described by the CTRW with the power-law waiting time distribution specified by ␣ ϭT/T 0 .
14 In such cases, the exponent ␥ increases ͑de-creases͒ with temperature below ͑above͒ a critical temperature T* that is defined by ␣(T*)ϭ2/3. This result is in contrast with that obtained for a system in which the reactant transport is governed by the simple diffusion equation, in which case ͓S gem (t͉r 0 )ϪS gem (ϱ͉r 0 )͔ϰt Ϫ1/2 in a threedimensional system. 15 We now consider chemical reaction systems or physical processes that can be represented by the irreversible ''reaction'' scheme, AϩB→ P. However, the reaction-free Green's function obtained here will be useful also in describing re-versible reaction dynamics of many types, since various reaction dynamic variables can be related to the reaction-free Green's function. 16 We will designate the A and B species as ''particles'' A and B. Throughout this work, we assume that B is a point particle whose thermal motion can be described by the FDE, while A is a hard sphere of radius that is fixed at the origin.
Let us first consider the recombination dynamics of an isolated reactant pair with initial separation r 0 . The evolution equation for p(r,t͉r 0 ), denoting the probability density that the reactant pair is separated by r at time t, can be written as
where L FD denotes the fractional diffusion operator describing the evolution of the B particle distribution. It is given by [4] [5] [6] [7] L FD ͑r,t͒p͑r,t͉r 0 ͒ϭ
where
The second term on the right hand side of Eq. ͑1͒ denotes the change due to reaction at the separation .
From the solution of Eq. ͑1͒, we can obtain an expression for the survival probability of the geminate pair given by S gem (t͉r 0 )ϭ͐ 0 ϱ dr4r 2 p(r,t͉r 0 ). Denoting the Laplace transform of a function f (t)a sf ( s ) ,we have
͑3͒
Here, Ĝ (r,s͉r 0 ) is the reaction-free Green's function, which satisfies
with the reflecting boundary condition, ‫ץ‬Ĝ (r,s͉r 0 )/‫ץ‬r͉ rϭ ϭ0, preventing the flux of B into the sphere rϭ. Equation ͑4͒ can be solved in a straightforward manner and we obtain
where xϭr/, x 0 ϭr 0 /, uϭst D with t D ϭ( 2 /D ␣ ) 1/␣ , and
3 . Substituting Eq. ͑5͒ into Eq. ͑3͒,w eg e t
From Eq. ͑6͒, the ultimate escape probability of geminate reactant pair is given by
where ␦ ␣1 ϭ1i f␣ ϭ 1and ␦ ␣1 ϭ0 otherwise. The inverse Laplace transform of Eq. ͑6͒ can be obtained as an infinite series:
where ␣,␤ (,y) is given by another infinite series,
When ␣ϭ1, the right side of Eq. ͑8͒ can be resummed to give a closed expression, 15 but in general case it is not easy to find a closed expression for Eq. ͑8͒. However, when t ӷt D , we can obtain a simpler expression for S gem :
⌫͑␣/2͒ ϩ¯ͬ ϩ¯ͮ ,
͑10͒
where ϭt/t D and 0Ͻ␣Ͻ1. Equation ͑10͒ indicates that the long-time asymptotic behavior of S gem exhibits a transition at ␣ϭ␣*ϭ2/3, i.e.,
where S gem (ϱ͉r 0 ) is the ultimate survival probability given by (1Ϫx 0 Ϫ1 ). As mentioned above, the CTRW with a waiting time distribution (t)ϳt Ϫ(1ϩ␣) corresponds to the FDE with the evolution operator given by Eq. ͑2͒ when 0Ͻ␣ Ͻ1, and the CTRW for ␣у1 corresponds to the normal diffusion equation. 2, 4 Physically, it is expected that the waiting time would decrease as the temperature T increases, so that ␣ would increase with T. Then, Eq. ͑11͒ shows that there could be a critical temperature T* at which ␣(T*)ϭ2/3. The exponent for the asymptotic power-law decay of geminate survival probability is given by ␣(T)/2 for TϽT*, but is given by ͓1Ϫ␣(T)͔ for TϾT*. When ␣ increases linearly with T, 14 we have ␣(T)ϭ(2/3T*)T. Another exactly solvable model is the target problem in which many B particles react competitively with a single immobile A. 17 We assume that the B particles do not interact with each other. For this problem, we introduce the probability density P(r N ,t) that B particles are located at r N ϭ(r 1 ,r 2 ,...,r N ) at time t given that an active A is at the origin. P(r N ,t) satisfies the following evolution equation: 
͑13͒
with the rate coefficient k f (tЈ) given by k f (t) ϭϪV͐dr(‫ץ/ץ‬t)p(r,t)ϭV f p(,t). It can be shown that the expression for p(,t) can be written in the Laplace domain in terms of the reaction-free Green's function: Vp(r,s)ϭ(1/s)͓1Ϫ( f Ĝ (r,s͉))/(1ϩ f Ĝ (,s͉))͔. Hence, the rate coefficient can be expressed as k f (s) ϭ f /s͓1ϩ f Ĝ (,s͉)͔ϭ f Ŝ gem (s͉). Then, from Eqs. ͑8͒ and ͑13͒, we obtain the exact time-domain expressions for k f (t) and Y A (t) as follows:
where B ϵ4
3 C B . For ␣ϭ1, Eqs. ͑14a͒ and ͑14b͒ yield closed expressions. 15, 18 For the case with 0Ͻ␣Ͻ1, closed expressions for k f (t) and Y A (t) are available for time t larger than t D :
where E ␣ (x) and E ␣,␤ (x) are Mittag-Leffler's function and generalized Mittag-Leffler's function, respectively. 19 The leading terms in the asymptotic expressions for k f (t) and Y A (t) are given by
for 0Ͻ␣Ͻ1. Equation ͑16b͒ was derived earlier by using the CTRW approach. 1 On the other hand, when ␣ϭ1 Eq. ͑14͒ reduces to the well-known Smoluchowki results at long times. Therefore, Eqs. ͑14͒-͑16͒ generalize the Smoluchowski rate theory 15, 18, 20 to the fractional diffusion case. Finally, let us consider the survival probability Y A (t͉r 0 ) of A that was produced at tϭ0 with a geminate B, separated by r 0 , and also surrounded by other B particles distributed in equilibrium. In this case, we should solve Eq. ͑12͒ by separation of variables, but for the geminate B, say B 1 , we impose the singular initial condition, p(r 1 ,0)ϭ␦(r 1 Ϫr 0 )/ 4r 0 2 . We can then show that
with S gem (t͉r 0 ) and Y A (t) given by Eqs. ͑8͒ and ͑14b͒, respectively. Many qualitative features of the ligand-protein rebinding reaction following flash photolysis can be explained in a unified manner by the present theory for a wide range of temperature and time scales. Miers et al. 21 showed that Eq. ͑17͒, with S gem (t͉r 0 ) and Y A (t) obtained from the normal diffusion equation approach, can explain the nonexponential rebinding dynamics of carbon monoxide to protoheme following flash photolysis in glycerol/water solution at a relatively high temperature range of 240 KϽTϽ300 K. However, in disordered and heterogeneous media, the thermal motion of reactants cannot be described by the normal diffusion equation. For example, the motion of CO molecule in a protein environment such as myoglobin ͑Mb͒ is influenced by the temperature-dependent geometric constraints imposed by the protein framework, 22 and the waiting time of CO varies from site to site due to the heterogeneous environments in the protein. 23 Hence it is a challenging problem to find a suitable theoretical description of the thermal motion and associated reaction dynamics of ligands in a protein environment.
In most previous work, the nonexponential geminate rebinding dynamics of CO to the protoheme in Mb was explained by assuming an inhomogeneous mixture of conformational states of Mb, each of which has an associated rate coefficient for the reaction with CO. 24 Recently, it was also *modeled as a generalized Kramers' escape problem in one dimension. 8, 25 These prescriptions successfully explain the increase with T of the exponent ␥ of power-law decay t Ϫ␥ of unbound Mb number density for temperature TрT* Ϸ200 K. However, they cannot consistently explain the temperature-dependence of ␥ above T*, [10] [11] [12] where the value of ␥ decreases with T as recognized by Steinbach et al. 12 Recently, Agmon and Sastry explained this unusual temperature-dependence of ␥ by introducing a temperaturedependent effective potential into a one-dimensional diffusion equation, which describes the slow protein dynamics in a collective manner. 26 Although the present theory is based on an oversimplified model for real protein-ligand reaction systems, Eq. ͑11͒ provides an explanation for the distinct temperaturedependence of ␥ below and above T* in a unified manner. Figure 1 displays the kinetic phase transition predicted by Eq. ͑11͒, which is in qualitative agreement with the geminate recombination dynamics observed in experiments. Figure 2 displays the decay curves of the survival probability calculated from Eq. ͑17͒, which shows the typical characteristics of CO-Mb rebinding after flash photolysis over a wide range of time scales.
The merit of the present theory in interpreting the protein-ligand rebinding dynamics is that it is based on a conceptually transparent model of ligand transport in a protein involving the waiting time distribution. Most importantly, the present theory provides a unified framework to understand the experimental results for a wide range of temperature and time scales. However, for a quantitative explanation of the kinetics of protein-ligand rebinding reactions, one must take into account the effects of a real protein environment on the ligand dynamics, such as the effects of geometric constraints, 27 the possible variation of the waiting time distribution from the power-law form, and the variation of waiting time distribution from site to site. Generalization of the present theory in this direction will be reported elsewhere. 2 , x 0 ϭ1.01, and B ϵ4
3 C B ϭ10 Ϫ3 .
